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In waveguides, and cavities in particular, the question of the effect of the geometry and boundary conditions arises, too. It is shown here that nonlinearity induces harmonic modes in rectangular structures.
In cylindrical and spherical structures, the geometry affects the budget of harmonics and produces mode coupling. to the corresponding problems in nonlinear wave propagation (e.g., see Caspers [3] ). Curiously enough, somewhere along the way the awareness of the fact that we are dealing with Volterra series has been lost (see Caspers [3] , Akhmanov and Khokhlov [4] , Schubert and Wilhelmi [5] , and Censor [6] ). The importance of Volterra's original work [7] 
and similarly for B. In (4), it is assumed that the leading terms are predominant, and for practical purposes the sum (4) can be truncated. The term D(") in (4) is defined as the n th term of a Volterra series nonlinear term D '2) upon substitution of (2) yields
and D '")(x, t) involves n summations [6] . If periodic Dy) = XYDY,ely@ is stipulated and substituted in (8), and terms satisfying y = q + q' are regrouped, then we have where we define
'wE@k
Originally c("j in (5) (hence, also the 4 X n-dimensional transform in (8)) are defined as parameters of the medium, independent of field amplitudes. Consequently, (10) etc.
display if") as amplitude dependent; hence, the notation (9) seems to be useless. What is the point of defining characteristic parameters if it turns out that they depend on the variable fields? What we are trying to achieve, and this is a crucial step which has to be tested experimentally, is the following. A plane wave injected into a nonlinear medium will be distorted, i.e., it will undergo self interaction, until a periodic wave is present satisfying Maxwell's equations (3) and the constitutive relations (4) and (5) exactly the right amplitudes and relative phases of harmonics, this wave will propagate in the medium without modification. The assumption implied in (9) is that the ratios of amplitudes are insensitive to incremental variation, i.e., if all the amplitudes are increased by a small factor, the ratio in (10) becomes
where indices i, j,. . . . v denote Cartesian components and and ideally the expression in parentheses in (11) equals 1.
(n)
, j. .~is a tensor (Einstein's summation convention is As long as the increments in (11) are small enough to assumed). Thus, for n =1, we obtain the linear case, which justify this approximation, (9) is valid as an approximation.
on substitution of (2) yields According to (4) and (9), we have for each harmonic q for the q th harmonic, where e~~} (qk, qti) is the four-dimen-
sional transform according to and if considered as an expansion of D(E) about E = O,
then <~:!.. , are the values of the derivatives in a Taylor expansion between infinite limits of integration. The parameters c~,~) 1 a"D, <(n) (13) of (5) MTT-33, NO. 4, APRIL 1985 Many studies heuristically start with (12), which is not as systematic as the present approach. The systematic approach through the tool of Volterra's series clearly displays =(" ) as only approximately constant, as opposed to t '").
At this point, (9) etc. is substituted in (3), and for q =1, this yields
where the index q = 1 has been suppressed, and similar expressions exist for higher harmonic waves. The six homogeneous, algebraic, nonlinear scalar equations (14) define the physical problem at hand. The system (14) can be used to deliver an amplitude dependent dispersion equation, as explained previously [6] . To clarify this, we shall handle the situation in a somewhat primitive way. The second equation (14) can be manipulated to derive expressions for HI, Hz, H3 in terms of El, Ez, Es, and these are substituted in the first line of (14), resulting in three scalar equations on El, E2, Eq. In each of these equations, there are terms that do not involve El, say; hence, the set of equations may be written in the form
where f and g are arbitrary functions of the arguments, and in some degenerate cases not all the arguments will be present. By elimination of the factors El on the left, in (15), we obtain two scalar equations which have the general form EQh~(E~,EQ,Eg)=Zl(El,Eq)
and finally, by dividing the equations in (16) (18) is obtained.
The fact that (18) involves amplitudes is a characteristic feature of the nonlinear problem. The corresponding equations (14) and (18) (24) which is amplitude dependent. Consequently, the resonance frequency is also amplitude dependent. This is the key to measuring~, ff(E) = k2/(po2). (25) For small amplitudes, the nonlinear effect is negligible. As the power increases, the nonlinear correction terms will start to play a role and can be computed from the change in the resonance frequency.
IV.
CIRCULAR CYLINDRICAL STRUCTURES
It will be shown that this class of canonical problems is not merely a complicated mathematical extension of the rectangular case, in which Bessel functions replace the trigonometric expressions. In fact, if we adopt the general theory given above, then we find that curved metallic structures, as opposed to rectangular geometries, will usually suppress phase matching, and consequently also suppress coherent nonlinear interaction.
The general treatment of linear vector waves is given by 
In denoting the nonsingular Bessel functions and A'= k 2 -h 2, the summation extends on -w < n <co and an, b. are coefficients.
The structure (26) and (27) can be split into even and odd parts by defining
In order to express (26) in terms of (28), note that in in (26) corresponds to 8/8+, and apply this operator to (28) (see Stratton [22, p. 395] 
The TE E field in (26) given by (k~/c)Za~N~. Relevant to our subject is the representation of M and N in terms of sums (integrals) of plane waves (See Stratton [22, pp. 396, 397] ).
Thus far the linear problem has been summarized. Strictly speaking, the nonlinear problem does not admit superposition of plane waves. However, making the same assumption as before, that it is legitimate to superpose waves which are not phase matched, structures like (30) are admissible. But exactly this argumentation also leads to the prediction that the significance of nonlinear interaction will be very small, since for each amplitude ik X Ze 'n$ or (kf -h~)e'"p, the nonlinear dispersion equation (18) 
What we are trying to do now is to find conditions for the vanishing of the expression in braces in (32) for all /3. For simplicity, let us assume first that only c(l) and c(2) are nonzero. The condition for the vanishing of the braces in (32) for all~prescribes
for the TE field, for example. Hence, using the orthogonality of e"n~, (33) plane waves. Once the stipulation is made that nonphasematched waves do not interact, the extension to the nonlinear case is straightforward.
Results are given, and practical aspects of analyzing nonlinear devices, or measuring the properties of nonlinear media, are discussed.
The presence of curved metallic boundaries is shown to suppress nonlinear interaction and harmonic production.
'This effect is increasingly pronounced as the waves depart more and more from plane waves, i.e., when the curvature of wavefronts increases. Cylindrical waves are considered in some detail, the treatment for spherical structures "is only delineated, but the above conclusions seem to be valid in general.
There are many heuristic assumptions in the basic theory, and experimental data is necessary to check it: validity. 
